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EMBEDDINGS OF FINITE-DIMENSIONAL
COMPACTA IN EUCLIDEAN SPACES
S. BOGATAYA, S. BOGATYI, AND V. VALOV
Abstract. If g is a map from a space X into Rm and q is an
integer, let Bq,d,m(g) be the set of all planes Π
d ⊂ Rm such that
|g−1(Πd)| ≥ q. Let also H(q, d,m, k) denote the maps g : X → Rm
such that dimBq,d,m(g) ≤ k. We prove that for any n-dimensional
metric compactum X each of the sets H(3, 1,m, 3n+ 1 −m) and
H(2, 1,m, 2n) is dense and Gδ in the function space C(X,R
m)
provided m ≥ 2n + 1 (in this case H(3, 1,m, 3n + 1 − m) and
H(2, 1,m, 2n) can consist of embeddings). The same is true for
the sets H(1, d,m, n + d(m − d)) ⊂ C(X,Rm) if m ≥ n + d, and
H(4, 1, 3, 0) ⊂ C(X,R3) if dimX ≤ 1. This results complements
an authors’ result from [5]. A parametric version of the above
theorem, as well as a partial answer of a question from [4] and [5]
are also provided.
1. Introduction
In this paper we assume that all topological spaces are metrizable
and all single-valued maps are continuous.
Everywhere below by Mm,d we denote the space of all affine d-
dimensional subspaces Πd (briefly, d-planes) of Rm. If g is a map from
a space X into Rm and q is an integer, let Bq,d,m(g) = {Π
d ∈ Mm,d :
|g−1(Πd)| ≥ q}. There is a metric topology on Mm,d, see [7], and we
consider Bq,d,m(g) as a subspace ofMm,d with this topology. For a given
space X we consider the set H(q, d,m, k) of all maps g : X → Rm such
that dimBq,d,m(g) ≤ k.
It follows from authors’ result [5, Corollary 1.6 with T = m = 2n +
1 and t = 0] that if X is metrizable compactum with dimX ≤ n,
then all maps g : X → R2n+1 such that for every Π1 ∈ M2n+1,1 the
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2preimage g−1(Π1) contains at most 4 points form a dense and Gδ-
subset of C(X,R2n+1) (here C(X,Rm) is the space of all maps from X
into Rm with the uniform convergence topology). This result can be
complemented as follows:
Theorem 1.1. Let X be a metrizable compactum of dimension ≤ n.
Then:
(a) The set H(3, 1, m, 3n + 1 − m) is dense and Gδ in C(X,R
m)
provided m ≥ 2n+ 1.
(b) The set H(2, 1, m, 2n) is dense and Gδ in C(X,R
m) provided
m ≥ 2n+ 1.
(c) The set H(1, d,m, n+ d(m− d)) is dense and Gδ in C(X,R
m)
provided m ≥ n + d.
(d) The set H(4, 1, 3, 0) is dense and Gδ in C(X,R
3) if n = 1.
If f : X → Y is a perfect surjection, we denote by P(q, d,m, k) the
set of all maps g : X → Rm such that dimBq,d,m(g|f
−1(y)) ≤ k for all
y ∈ Y , where g|f−1(y) is the restriction of the map g on f−1(y).
We apply Theorem 1.1 to prove the following its parametric version.
Theorem 1.2. Let f : X → Y be a perfect n-dimensional map between
metrizable spaces with dimY = 0. Then the following conditions are
satisfied, where C(X,Rm) is equipped with the source limitation topol-
ogy:
(a) The set P(3, 1, m, 3n + 1 − m) is dense and Gδ in C(X,R
m)
provided m ≥ 2n+ 1.
(b) The set P(2, 1, m, 2n) is dense and Gδ in C(X,R
m) provided
m ≥ 2n+ 1.
(c) The set P(1, d,m, n+ d(m− d)) is dense and Gδ in C(X,R
m)
provided m ≥ n + d.
(d) The set P(4, 1, 3, 0) is dense and Gδ in C(X,R
3) if n = 1.
For any map g ∈ C(X,Rm) we also consider the set Cq,d,m(g) con-
sisting of points y = (y1, ..., yq) ∈ (R
m)q such that all yi belongs to a
d-plane in Rm and there exist q different points xi ∈ X with g(xi) = yi,
i = 1, .., q. The set of all maps g ∈ C(X,Rm) with dimCq,d,m(g) ≤ k is
denoted by Q(q, d,m, k).
Theorem 1.3 below follows from the proof of Theorem 1.2 by consid-
ering the sets Cq,d,m(g) instead of Bq,d,m(g).
Theorem 1.3. Let X, Y and f satisfy the hypotheses of Theorem 1.2.
Then all items of Theorem 1.2 remain true if the corresponding sets
P(q, d,m, k) are replaced by Q(q, d,m, k).
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Theorem 1.3 provides a partial answer of [4, Question 5] and [5,
Conjecture 3] in the case when Y is a point, m = T = 3, d = 1 and
t = 0.
2. A preliminary information
We are going to consider some general statements before proving
Theorem 1.1. Suppose q ≥ 1 is an integer, X is a metric compactum.
Let Γ = {B1, B2, .., Bq} be a disjoint family consisting of q closed sub-
sets of X and g ∈ C(X,Rm). We denote
BΓ(g,m, d) = {Π
d ∈Mm,d : g
−1(Πd) ∩ Bi 6= ∅ for each i = 1, .., q},
where 0 ≤ d ≤ m. Now, define the set-valued map
ΦΓ,m,d : C(X,R
m)→Mm,d, ΦΓ,m,d(g) = BΓ(g,m, d).
Proposition 2.1. ΦΓ,m,d is a closed-valued map and Φ
♯
Γ,m,d(W ) = {g ∈
C(X,Rm) : ΦΓ,m,d(g) ⊂ W} is open in C(X,R
m) for every open W ⊂
Mm,d.
Proof. Suppose g0 ∈ Φ
♯
Γ,m,d(W ) with W ⊂ R
m
d being open. It suffices
to show there exists δ > 0 such that for any g ∈ C(X,Rm) which is
δ-close to g0 we have BΓ(g,m, d) ⊂ W . Assume this is not true. So,
for each n there exists gn ∈ C(X,R
m) which is (1/n)-close to g0 and
Πdn ∈ BΓ(gn, m, d) with Π
d
n 6∈ W . For any i ≤ q and n ≥ 1 there exists
a point xin ∈ Bi ∩ g
−1
n (Π
d
n). Since P =
⋃
i≤q g0(Bi) ⊂ R
m is compact,
we take a closed ball K in Rm with center the origin containing P
in its interior. Because every Πd ∈ BΓ(g0, m, d) intersects P , we can
identify BΓ(g0, m, d) with {Π
d ∩K : Πd ∈ BΓ(g0, m, d)} considered as
a subspace of exp(K) (here exp(K) is the hyperspace of all compact
subset of K equipped with the Vietoris topology).
Having in mind that for any x ∈ X the distance in Rm between
g0(x) and each gn(x) is ≤ 1, we can assume that K contains each set⋃
i≤q gn(Bi), n ≥ 1. Hence, gn(x
i
n) ∈ K ∩ Π
d
n for all i ≤ q and n ≥ 1.
Therefore, passing to subsequences, we may suppose that there exist
points xi0 ∈ Bi i ≤ q, and a plane Π
d
0 ∈ Mm,d such that each sequence
{xin}n≥1, i = 1, 2, .., q, converges to x
i
0 ∈ Bi and {Π
d
n∩K}n≥1 converges
to Πd0 ∩ K. So, lim{g0(x
i
n)}n≥1 = g0(x
i
0), i = 1, 2, .., q. Then each
{gn(x
i
n)}n≥1 also converges to g0(x
i
0). Consequently, g0(x
i
0) ∈ Π
d
0 for
all i, so Πd0 ∈ BΓ(g0, m, d). Hence, Π
d
0 ∈ W . Since W is open in Mm,d
and lim{Πdn ∩K}n≥1 = Π
d
0 ∩K implies that {Π
d
n}n≥1 converges to Π
d
0
in Mm,d, Π
d
n ∈ W for almost all n, a contradiction.
The above arguments also show that each BΓ(g,m, d) is closed in
Mm,d. So, ΦΓ,m,d is a closed-valued map. 
4Corollary 2.2. Let X and the integers 0 ≤ d ≤ m be as in Proposition
2.1. Then H(q, d,m, n) is a Gδ-subset of C(X,R
m) for any n ≥ 0 and
q ≥ 1.
Proof. We choose a countable family B of closed subsets of X such that
the interiors of the elements of B form a base for the topology of X .
Let ǫ > 0 and Γ be a disjoint family of q elements of B. Denote by
HΓ(q, d,m, n, ǫ) the set of all maps g : X → R
m such that BΓ(g,m, d)
can be covered by an open in Mm,d family ω satisfying the following
conditions:
(1) mesh(ω) < ǫ;
(2) the order of ω is ≤ n (i.e., each point from Mm,d is contained
in at most n + 1 elements of ω).
Let g0 ∈ HΓ(q, d,m, n, ǫ) andW =
⋃
{U : U ∈ ω}. Then BΓ(g0, m, d) ⊂
W . According to Proposition 2.1, the set G = {g ∈ C(X,Rm) :
BΓ(g,m, d) ⊂ W} is open in C(X,R
m), it contains g0 and G contains
HΓ(q, d,m, n, ǫ). Hence, eachHΓ(q, d,m, n, ǫ) is also open in C(X,R
m).
We claim that
(3)
⋂
{HΓ(q, d,m, n, 1/k) : k ≥ 1 and Γ ∈ B(q)} = H(q, d,m, n),
where B(q) is the family of all disjoint subsets of B having q elements.
Indeed, according to Proposition 2.1, each BΓ(g,m, d) is a closed subset
of Mm,d. Moreover, Bq,d,m(g) =
⋃
{BΓ(g,m, d) : Γ ∈ B(q)}. So, by the
countable sum theorem for dim, we have dimBq,d,m(g) ≤ n if and only
if dimBΓ(g,m, d) ≤ n for every Γ ∈ B(q). This easily implies equality
(3). Therefore, H(q, d,m, n) is Gδ in C(X,R
m). 
3. Grassmann manifolds and general position of points
and planes
Let V m be a vector space of dimension m. The Grassmann manifold
GVm,d (briefly, Gm,d) is the set of all d-dimensional (vector) subspaces
V d of V m. It is well known that Gm,d has the structure of a smooth
compact manifold, which can be identified with the quotient space
O(m)/
(
O(d) × O(m − d)
)
(for example, see [7, Part II, Chapter 1]).
Here, O(m) is the orthogonal group of degree m. Since dimO(k) =
k(k−1)/2, this implies dimGm,d = (m−d)d. Suppose V
ni
i and 0 ≤ ri ≤
ni, i = 1, 2, .., k, are fixed subspaces of V
m and integers, respectively.
Then we denote
GVm,d;V n1
1
,r1;...;V
nk
k
,rk
= {V d ∈ Gm,d : dimV
d ∩ V nii = ri, i = 1, 2, .., k}.
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Sometimes, instead of GV m,d;V n1
1
,r1;...;V
n
k
k
,rk
we use the simpler notation
Gm,d;V n1
1
,r1;...;V
n
k
k
,rk
. If dim(V n11 + ... + V
nk
k ) = n1 + ... + nk, we write
Gm,d;n1,r1;...;nk,rk instead of Gm,d;V n1
1
,r1;...;V
nk
k
,rk
. We have Gm,d;n,r 6= ∅ if
and only if
(4) 0 ≤ r ≤ d ≤ n+ d− r ≤ m.
We are going to consider also the sets
Gm,d;n1,≥r1;...;nk,≥rk =
⋃
{Gm,d;n1,r′1;...;nk,r′k : r
′
i ≥ ri, i = 1, ..., k},
which are closed in Gm,d. Since Gm,d;n,≥r = Gm,d;n,≥r+1 ∪ Gm,d;n,r, we
have
(5) dimGm,d;n,≥r = max{dimGm,d;n,≥r+1, dimGm,d;n,r}.
Recall that Mm,d stands the set of all d-planes Π
d ⊂ Rm. If Πnii and
−1 ≤ ri ≤ ni, i = 1, 2, .., k, are fixed planes and integers, we denote
Mm,d;Πn1
1
,r1;...;Π
n
k
k
,rk
= {Πd ∈Mm,d : dimΠ
d ∩Πnii = ri, i = 1, 2, .., k}.
Identifying every d-plane in Rm with a (d+1)-dimensional subspace in
R
m+1, we obtain the inclusion
Mm,d;Πn1
1
,r1;...;Π
n
k
k
,rk
⊂ G
m+1,d+1;V
n1+1
1
,r1+1;...;V
nk+1
k
,rk+1
,
where V ni+1i is the subspace of R
m+1 corresponding to Πnii . Therefore,
dimMm,d;Πn1
1
,r1;...;Π
nk
k
,rk
≤ dimG
m+1,d+1;V
n1+1
1
,r1+1;...;V
n
k
+1
k
,rk+1
.
Π(S), where S is a subset of Rm, denotes the affine hull of S, i.e., the
smallest affine subspace of Rm containing S. We say that the planes
Πnii , i = 1, ..., k, are jointly skew provided
dimΠ
(
Πn11 ∪ Π
n2
2 ... ∪Π
nk
k
)
= n1 + ... + nk + k − 1.
In such a case we use the notation Mm,d;n1,r1;...;nk,rk instead of the gen-
eral one Mm,d;Πn1
1
,r1;...;Π
n
k
k
,rk
.
Proposition 3.1. If the integers m, d, n, r satisfy the inequalities (4),
then dimGm,d;n,r = (n− r)r + (m− d)(d− r).
Proof. Let r = d. In this case Gm,d;n,r consists of all r-dimensional
subspaces of V n, i.e., Gm,d;n,r = Gn,d. Hence, dimGm,d;n,r = (n− r)r.
If r = 0, then n+ d ≤ m and Gm,d;n,0 is a non-empty open subset of
Gm,d. Consequently, dimGm,d;n,0 = (m− d)d.
Suppose 0 < r < d and consider the map ϕ : Gm,d;V n,r → GV n,r,
ϕ(V d) = V d∩V n. This map is a locally trivial bundle whose fibre is the
space ϕ−1(V r) = G(V r)⊥,d−r;V n∩(V r)⊥,0 = Gm−r,d−r;n−r,0, where (V
r)⊥
is the orthogonal complement of V r in V m. Therefore, according to
6the previous two cases, dimGm,d;n,r = dimGn,r + dimGm−r,d−r;n−r,0 =
(n− r)r + (m− d)(d− r). 
Proposition 3.2. If the integers m, d, n, r satisfy the inequalities (4),
then dimGm,d;n,≥r = (n− r)r + (m− d)(d− r).
Proof. Indeed, according to (4) and Proposition 3.1, dimGm,d;n,r+1 <
dimGm,d;n,r. Then the required inequality follows from (5). 
Corollary 3.3. If the integers m, d, n, r satisfy the inequalities −1 ≤
r ≤ d ≤ n + d − r ≤ m, then dimMm,d;n,≥r ≤ (n − r)(r + 1) + (m −
d)(d− r).
Proof. This follows from Proposition 3.2 and the inclusion Mm,d;n,≥r ⊂
Gm+1,d+1;n+1,≥r+1. 
Proposition 3.4. If the integers m,n1, r1, n2, r2 satisfy the equalities
0 ≤ r1 ≤ n1, 0 ≤ r2 ≤ n2 and n1+n2 ≤ m, then dimGm,r1+r2;n1,r1;n2,r2 =
(n1 − r1)r1 + (n2 − r2)r2.
Proof. Define the map ϕ : GV m,r1+r2;V n11 ,r1;V
n2
2
,r2
→ GV n1
1
,r1
× GV n2
2
,r2
,
ϕ(V r1+r2) =
(
V r1+r2 ∩ V n11 , V
r1+r2 ∩ V n22
)
. This map is bijection, its
inverse is the map ψ : GV n1
1
,r1
× GV n2
2
,r2
→ GV m,r1+r2;V n11 ,r1;V
n2
2
,r2
given
by ψ
(
V r1 , V r2
)
= V r1 ⊕ V r2 . So, Gm,r1+r2;n1,r1;n2,r2 is homeomorphic
to Gn1,r1 × Gn2,r2. Consequently, dimGm,r1+r2;n1,r1;n2,r2 = dimGn1,r1 +
dimGn2,r2 = (n1 − r1)r1 + (n2 − r2)r2. 
Remark 3.5. Observe that the following equality was established:
Gm,r1+r2;n1,≥r1;n2,≥r2 = Gm,r1+r2;n1,r1;n2,r2.
Because Mm,r1+r2+1;n1,≥r1;n2,≥r2 ⊂ Gm+1,r1+r2+2;n1+1,≥r1+1;n2+1,≥r2+1,
Proposition 3.4 and Remark 3.5 imply the next corollary.
Corollary 3.6. Let Πn11 and Π
n2
2 be two skew planes in R
m. Then
dimMm,r1+r2+1;n1,≥r1;n2,≥r2 ≤ (n1 − r1)(r1 + 1) + (n2 − r2)(r2 + 1).
Let us note that because the planes Πn11 and Π
n2
2 from Corollary 3.6
are skew, we have m ≥ n1 + n2 + 1.
Proposition 3.7. Suppose the zero is the only common element of
any two of the subspaces V n11 , V
n2
2 , V
r ⊂ V m. If V r is contained in a
subspace V 2r ⊂ V m such that dim V 2r ∩V n11 = dimV
2r ∩V n22 = r, then
V r ⊂ V n11 ⊕ V
n2
2 . Moreover, V
2r is uniquely determined by the above
conditions.
Proof. For every such a space V 2r the following inclusions hold:
V r ⊂ V 2r =
(
V 2r ∩ V n11
)
⊕
(
V 2r ∩ V n22
)
⊂ V n11 ⊕ V
n2
2 .
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Thus, V r ⊂ V n11 ⊕ V
n2
2 .
Next, consider the subspaces W1 = V
r ⊕ V n11 and W2 = V
r ⊕ V n22 .
Since V r is in a general position with respect to each V nii , dimWi =
r + ni, i = 1, 2. Then W = W1 ∩W2 is the required (2r)-dimensional
subspace. Indeed, V r ⊂ W and, because V r ⊂ V n11 ⊕ V
n2
2 , we have
W1+W2 ⊂ V
n1
1 ⊕V
n2
2 . Hence, dimW = dimW1+dimW2−dim(W1+
W2) = (r+n1)+(r+n2)−(n1+n2) = 2r. We also have that V
n1
1 ∩W =
V n11 ∩W2 and V
n1
1 +W2 = V
n1
1 ⊕V
n2
2 . Consequently, dim
(
V n11 ∩W
)
=
dimV n11 + dimW2 − dim
(
V n11 ∩W2
)
= n1 + r + n2 − (n1 + n2) = r.
Similarly, we can obtain that dim
(
V n22 ∩W
)
= r. 
Corollary 3.8. Let any two of the planes Πn11 ,Π
n2
2 ,Π
r ⊂ Rm be skew.
Then there exists at most one (2r + 1)-plane Π2r+1 ⊂ Rm containing
Πr such that dim
(
Π2r+1 ∩ Πnii
)
≥ r for each i = 1, 2.
Proposition 3.9. Suppose the intersection of any two of the subspaces
V n11 , V
n2
2 , V
n3
3 ⊂ V
m is the zero vector. If V n11 + V
n2
2 + V
n3
3 = V
m
and 0 ≤ r ≤ n1 + n2 + n3 − m, then dimGm,2r;V n1
1
,≥r;V
n2
2
,≥r;V
n3
3
,≥r =
(n1 + n2 + n3 −m− r)r.
Proof. According to Remark 3.5, the set Gm,2r;V n1
1
,≥r;V
n2
2
,≥r;V
n3
3
,≥r coin-
cide with Gm,2r;V n1
1
,r;V
n2
2
,r;V
n3
3
,r. So, we need to find the dimension of the
last set. LetW =
(
V n11 ⊕V
n2
2
)
∩V n33 . Then dimW = dim
(
V n11 ⊕V
n2
2
)
+
dimV n33 − dim
(
V n11 + V
n2
2 + V
n3
3
)
= n1 + n2 + n3 −m ≥ r. By Propo-
sition 3.7, Gm,2r;V n1
1
,r;V
n2
2
,r;V
n3
3
,r is homeomorphic to GW,r. Therefore,
dimGm,2r;V n1
1
,r;V
n2
2
,r;V
n3
3
,r = dimGW,r = (n1 + n2 + n3 −m− r)r. 
Remark 3.10. We can suppose that Proposition 3.9 is also true pro-
vided r > n1+n2+n3−m because in this case Gm,2r;V n1
1
,≥r;V
n2
2
,≥r;V
n3
3
,≥r =
∅.
Corollary 3.11. Suppose any two of the planes Πn11 ,Π
n2
2 ,Π
n3
3 ⊂ R
m are
skew. If Π
(
Πn11 ∪Π
n2
2 ∪Π
n3
3
)
= Rm and m ≤ n1+n2+n3+1−r, then the
dimension of the set {Π2r+1 ⊂ Rm : dim
(
Π2r+1 ∩ Πnii
)
≥ r, i = 1, 2, 3}
is ≤ (n1 + n2 + n3 + 1−m− r)(r + 1).
Recall that a real number v is called algebraically dependent on the
real numbers u1, .., uk if v satisfies the equation p0(u) + p1(u)v + ... +
pn(u)v
n = 0, where p0(u), .., pn(u) are polynomials in u1, .., uk with
rational coefficients, not all of them 0. A finite set of real numbers
is algebraically independent if none of them depends algebraically on
the others. The idea to use algebraically independent sets for proving
general position theorems was originated by Roberts in [11]. This idea
was also applied by Berkowitz and Roy in [3]. A proof of the Berkowitz-
Roy theorem was provided by Goodsell in [9, Theorem A.1] (see [5,
8Corollary 1.2] for a generalization of the Berkowitz-Roy theorem and
[8] for another application of this theorem). Let us note that any
finitely many points in an Euclidean space Rn whose set of coordinates
is algebraically independent are in general position.
It is well known (see for example [6]) that any hyperboloid of one
sheet H in R3 is doubly ruled. This means that through every one of
its points there are two distinct lines that lie on H. So, there are two
families of lines on H (we call them family I and family II) such that
any two lines on H are skew iff they belong to the same family.
Proposition 3.12. For any six points Ai, i = 1, .., 6, from R
3 whose
set of coordinates is algebraically independent there exists a hyperboloid
of one sheet H such that:
(a) The lines Π11 = A1A2, Π
1
2 = A3A4 and Π
1
3 = A5A6 lie on H and
belong to one family, say family I;
(b) If a line Π1 ⊂ R3 meets each Π1i , i = 1, 2, 3, then Π
1 ⊂ H and
Π1 belongs to family II;
(c) H has an equation whose coefficients are polynomials in the co-
ordinates of Ai, i = 1, .., 6, with rational coefficients.
Proof. Since the set of all coordinates of Ai, i = 1, .., 6, is algebraically
independent, the following conditions hold:
(6) there is no 2-dimensional plane in R3 containing four of the
points Ai, i = 1, .., 6;
(7) there is no 2-dimensional plane in R3 parallel to each line Π1i ,
i = 1, 2, 3.
Then, according to [6], there exists a hyperboloid of one sheet H con-
taining the lines Π1i , i = 1, 2, 3. Since conditions (6) and (7) imply that
any two of the lines Π1i , i = 1, 2, 3, are skew, all they belong to one
family, say family I.
If a line Π1 ⊂ R3 meets each Π1i , i = 1, 2, 3, then Π
1 has three
common points with H. So, Π1 ⊂ H. Moreover, Π1 belongs to family
II because each Π1i belongs to family I.
To prove item (c), observe that the general equation of the quadratic
surface H has 10 coefficients aj , j = 1, .., 10. Since Ai ∈ H, for each i =
1, 2, .., 6 we obtain a linear with respect to aj equation with coefficients
cij, 1 ≤ j ≤ 10, such that any c
i
j is a polynomial in the coordinates
of Ai with coefficients 1 or −1. Moreover, Π
1
i ⊂ H, i = 1, 2, 3, yields
that each of the vectors
−−−→
A1A2,
−−−→
A3A4 and
−−−→
A5A6 has an asymptotic
direction. In this way, there are another three linear with respect to aj
equations whose coefficients are polynomials in the coordinates of Ai,
i = 1, 2, .., 6 with rational coefficients. So, we have a linear system of
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nine equations with respect to aj , j = 1, .., 10. The system has a unique
(up to proportions) a non-zero solution. According to Cramer’s rule,
this solution can be expressed by rational functions of the coefficients
of the equations. Finally, the proof of (c) follows from the fact that
each of the system’s coefficients are polynomials in the coordinates of
Ai, i = 1, 2, .., 6, with rational coefficients. 
Corollary 3.13. Let {A1, ..., A8} be eight points in R
3 whose set of
coordinates is algebraically independent. Then at most two lines in R3
meets each of the segments [A1, A2], [A3, A4], [A5, A6] and [A7, A8].
Proof. Consider a hyperboloid of one sheet H satisfying Proposition
3.12. Suppose a line Π1 ⊂ R3 meets each segment [A1A2], [A3A4] and
[A5A6]. Then Π
1 ⊂ H and Π1 belongs to family II. Since the equation
of H has coefficients which are polynomials with rational coefficients in
the coordinates of the points Ai, i = 1, .., 6, the coordinates of A7 and
A8 don’t satisfy the equation of H. So, both A7 and A8 are outside H.
Then the line A7A8 has at most two common points with H. Because
there exists exactly one line from family II passing through a given
point of H, we can have at most two lines from family II meeting the
line A7A8. This complete the proof of Corollary 3.13. 
4. Proof of Theorem 1.1
We are going first to prove Theorem 1.1(a). In this case we have to
show that the set H(3, 1, m, 3n+1−m) of all maps g ∈ C(X,Rm) such
that dimB3,1,m(g) ≤ 3n + 1 − m is dense and Gδ in C(X,R
3). Fix a
countable family B of closed subsets of X such that the interiors of its
elements is a base for X . Since H(3, 1, m, 3n+1−m) is the intersection
of the open family {HΓ(3, 1, m, 3n+1−m, 1/k) : k ≥ 1} (see the proof
of Corollary 2.2), it suffices to show that each HΓ(3, 1, m, 3n+1−m, ǫ)
is dense in C(X,R3) (recall that if Γ = {B1, B2, B3} ⊂ B is a disjoint
family of three elements, then HΓ(3, 1, m, 3n+ 1−m, ǫ) consists of all
maps g ∈ C(X,Rm) such that BΓ(g,m, 1) can be covered by an open
in Mm,1 family ω with mesh(ω) < ǫ) and order ≤ 3n+ 1−m).
To this end, observe that each map g ∈ C(X,Rm) can be approx-
imated by maps f = h ◦ p with p : X → K and h : K → Rm, where
K is a finite polyhedron of dimension ≤ n. Actually, K can be sup-
posed to be a nerve of a finite open cover β of X . Moreover, if we
choose β such that any its element meets at most one element of Γ,
then we have p(Bi) ∩ p(Bj) = ∅ for i 6= j. Further, taking sufficiently
small barycentric subdivision of K, we can find disjoint subpolyhedra
Ki of K with p(Bi) ⊂ Ki, i = 1, 2, 3. Obviously, BΓ(h ◦ p,m, 1) is
contained in the set BΛ(h,m, 1) = {Π
1 ∈Mm,1 : h
−1(Π1)∩Ki 6= ∅, i =
10
1, 2, 3}, where Λ is the family {K1, K2, K3}. Therefore, the density of
HΓ(3, 1, m, 3n+1−m, ǫ) in C(X,R
m) is reduced to show that the maps
h ∈ C(K,Rm) such that BΛ(h,m, 1) is covered by an open family in
Mm,1 of mesh < ǫ and order ≤ 3n + 1 − m form a dense subset of
C(K,Rm). And this follows from the next proposition.
Proposition 4.1. Let Ki, i = 1, 2, 3, be disjoint at most n-dimensional
subpolyhedra of a finite polyhedron K and m ≥ 2n+1. Then the maps
h ∈ C(K,Rm) such that dimBΛ(h,m, 1) ≤ 3n + 1 − m form a dense
subset of C(K,Rm), where Λ = {K1, K2, K3}.
Proof. Let h0 ∈ C(K,R
m) and δ > 0. We take a subdivision of K such
that diamh0(σ) < δ/2 for all simplexes σ. Let K
(0) = {a1, a2, ..., ak} be
the vertexes of K and vj = h0(aj), j = 1, .., k. Then, by [3], there are
points bj ∈ R
m such that the distance between vj and bj is < δ/2 for
each j and the coordinates of all bj , j = 1, .., k, form an algebraically
independent set. Define a map h : K → Rm by h(aj) = bj and h is
linear on every simplex of K. It is easily seen that h is δ-close to h0.
Without loss of generality, we may assume that each Ki, i = 1, 2, 3, is a
simplex. Since the coordinates of all vertexes bj form an algebraically
independent set, each h(Ki) generates a plane Π
ni
i ⊂ R
n such that
ni = dimh(Ki) ≤ n and any two of the planes {Π
n1
1 ,Π
n2
2 ,Π
n3
3 } are
skew. Then, by Corollary 3.11, the set
A(h) = {Π1 ∈Mm,1 : Π
1 ∩ Πnii 6= ∅, i = 1, 2, 3}
is of dimension n1 + n2 + n3 + 1 −m ≤ 3n + 1 −m. Because A(h) =
BΛ(h,m, 1), we have dimBΛ(h,m, 1) ≤ 3n + 1 − m. This completes
the proof. 
As above, the proof of the other three items of Theorem 1.1 is reduced
to the proof of the following proposition.
Proposition 4.2. Let K be a finite polyhedron. Then we have:
(a) If Λ = {K1, K2} is a disjoint pair of at most n-dimensional
subpolyhedra of K and m ≥ 2n+1, then the maps h ∈ C(K,Rm)
with dimBΛ(h,m, 1) ≤ 2n form a dense subset of C(K,R
m).
(b) If Λ = {K1} and m ≥ n + 1, where K1 ⊂ K is a subpoly-
hedron with dimK1 ≤ n, then the maps h ∈ C(K,R
m) such
that dimBΛ(h,m, d) ≤ n + d(m − d) form a dense subset of
C(K,Rm), where BΛ(h,m, d) = {Π
d ∈ Mm,d : h
−1(Πd) ∩K1 6=
∅}.
(c) If Λ = {K1, K2, K3, K4} is a disjoint family of at most 1-
dimensional subpolyhedra of K, then the maps h ∈ C(K,R3)
with dimBΛ(h, 3, 1) ≤ 0 form a dense subset of C(K,R
3).
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Proof. The same arguments as in the proof of Proposition 4.1 can be
used. The only difference is that, instead Corollary 3.11, we apply now
Corollary 3.6 (with r1 = r2 = 0) for item (a), Corollary 3.3 (with r = 0)
for item (b) and Corollary 3.13 for item (c), respectively. 
5. Proof of Theorem 1.2.
We fix a metric ρ generating the topology of X . Let d ∈ [1, m]
and q ≥ 1 be integers, g ∈ C(X,Rm), y ∈ Y and η > 0. We define
Bηq,d,m(g, y) to be the set of all Π
d ∈ Mm,d such that there exist q
points xi ∈ g−1(Πd) ∩ f−1(y), i = 1, .., q, with ρ(xi, xj) ≥ η for all i 6=
j. Obviously, Bηq,d,m(g, y) ⊂ Bq,d,m(g|f
−1(y)) and Bq,d,m(g|f
−1(y)) =
∞⋃
k=1
B
1/k
q,d,m(g, y).
Lemma 5.1. Each Bηq,d,m(g, y) is closed in Bq,d,m(g|f
−1(y)).
Proof. Suppose we have a sequence {Πdk}k≥1 ⊂ B
η
q,d,m(g, y) converging
in Mm,d to a plane Π
d
0. Then for every k we have a q points x
i
k ∈
g−1(Πdk) ∩ f
−1(y), i = 1, .., q, such that ρ(xik, x
j
k) ≥ η for i 6= j. Since
f−1(y) is a metric compactum, we can suppose that each sequence
{xik}k≥1 converges to a point x
i
0 ∈ f
−1(y). Then lim g(xik) = g(x
i
0) ∈
Πd0, i = 1, .., q. Moreover, ρ(x
i
0, x
j
0) ≥ η for all i 6= j. Hence, Π
d
0 ∈
Bηq,d,m(g, y). 
Next, if y ∈ Y , η, ǫ > 0 and 1 ≤ k is an integer, let Pηy (q, k, d, ǫ) be
the set of all maps g ∈ C(X,Rm) such that Bηq,d,m(g, y) can be covered
by an open in Mm,d family of order ≤ k and mesh < ǫ. If F ⊂ Y ,
we consider the set PηF (q, k, d, ǫ) =
⋂
y∈F
Pηy (q, k, d, ǫ). Obviously the
intersection of all PηY (q, k, d, 1/s), s ≥ 1, is the set
Pη(q, k, d) = {g ∈ C(X,Rm) : dimBηq,d,m(g, y) ≤ k for all y ∈ Y }.
Moreover, since Bq,d,m(g|f
−1(y)) =
∞⋃
s=1
B
1/s
q,d,m(g, y) and each B
1/s
q,d,m(g, y)
is closed in Bq,d,m(g|f
−1(y)) (see Lemma 5.1), the countable sum the-
orem for the dimension dim yields that
∞⋂
s=1
P1/s(q, k, d) coincides with
the set
P(q, d,m, k) = {g ∈ C(X,Rm) : dimBq,d,m(g|f
−1(y)) ≤ k, y ∈ Y }.
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Therefore,
P(q, d,m, k) =
⋂
{P
1/s
Y (q, k, d, 1/p) : p ≥ 1, s ≥ 1}.
So, in order to show that P(q, d,m, k) is dense and Gδ in C(X,R
m), it
suffices to show that each PηY (q, k, d, ǫ) is open and dense in C(X,R
m).
We are going first to show that any PηY (q, k, d, ǫ) is open in C(X,R
m).
Lemma 5.2. Let g0 ∈ P
η
y0
(q, k, d, ǫ) for some y0 ∈ Y . Then there exists
a neighborhood V of y0 in Y and δ > 0 such that g ∈ P
η
V (q, k, d, ǫ) for
all g ∈ C(X,Rm) such that the restrictions g|f−1(V ) and g0|f
−1(V )
are δ-close.
Proof. Since g0 ∈ P
η
y0
(q, k, d, ǫ), there exists an open in Mm,d family ω
of order ≤ k and mesh(ω) < ǫ which covers Bηq,d,m(g0, y0). Let W =⋃
{U : U ∈ ω}. It suffices to show that we can find a neighborhood V of
y0 in Y and δ > 0 such that B
η
q,d,m(g, y) ⊂W for all y ∈ V and all maps
g ∈ C(X,Rm) such that the restrictions g|f−1(V ) and g0|f
−1(V ) are
δ-close. Suppose this is not true. Then, for each i = 1, .., q there exist
sequences {Vs}s≥1, {ys}s≥1 ⊂ Y , {gs}s≥1 ⊂ C(X,R
m), {Πds}s≥1 ⊂ Mm,d
and {xis}s≥1 ⊂ X satisfying the following conditions for every s ≥ 1:
• {Vs}s≥1 is a local base of neighborhoods at y0;
• ys ∈ Vs;
• gs|f
−1(Vs) and g0|f
−1(Vs) are (1/s)-close;
• Πds ∈ B
η
q,d,m(gs, ys)\W ;
• xis ∈ g
−1
s (Π
d
s) ∩ f
−1(ys) for all i;
• ρ(xis, x
j
s) ≥ η for all i 6= j.
As in Proposition 2.1, we can suppose that there exist points xi0 ∈
f−1(y0), i = 1, .., q, and a plane Π
d
0 ∈ Mm,d such that lim x
i
s = x
i
0 and
limΠds = Π
d
0. It is easily seen that Π
d
0 ∈ B
η
q,d,m(g0, y0) which implies
Πd0 ∈ W . This is a contradiction because limΠ
d
s = Π
d
0 and Π
d
s 6∈ W . 
Proposition 5.3. Any PηY (q, k, d, ǫ) is open in C(X,R
m) with respect
to the source limitation topology.
Proof. We follow the arguments from the proof of [5, Proposition 3.3]
(see also the proof of [12, Proposition 2.3]). For every y ∈ Y there
exists a neighborhood Vy and a positive δy ≤ 1 satisfying Lemma 5.2.
We suppose that the family {Vy : y ∈ Y } is locally finite. Define a
lower semi-continuous convex-valued map ϕ : Y → (0, 1] by ϕ(y) =⋃
{(0, δz] : y ∈ Vz}. According to [10, Theorem 6.2, p.116], ϕ admits
a continuous selection β : Y → (0, 1]. Let α = β ◦ f . Using the choice
of the neighborhoods Vy it is easily seen that if ρm(g(x), g0(x)) < α(x)
for all x ∈ X , where g ∈ C(X,Rm) and ρm is the Euclidean metric
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on Rm, then g ∈ PηY (q, k, d, ǫ). Therefore, P
η
Y (q, k, d, ǫ) is open in
C(X,Rm). 
Proposition 5.4. Suppose X, Y and f satisfy the hypotheses of The-
orem 1.2 and η, ǫ > 0. Then the following holds:
(a) Each of the sets PηY (3, 3n + 1 − m, 1, ǫ) and P
η
Y (2, 2n, 1, ǫ) is
dense in C(X,Rm) provided m ≥ 2n+ 1.
(b) The set PηY (1, n+ d(m− d), d, ǫ) is dense in C(X,R
m) provided
m ≥ n + d.
(c) The set PηY (4, 0, 1, ǫ) is dense in C(X,R
3) if n = 1.
Proof. We are going to show only that PηY (3, 3n+1−m, 1, ǫ) is dense in
C(X,Rm) ifm ≥ 2n+1, the other proofs are similar. Let g ∈ C(X,Rm)
and δ ∈ C(X, (0, 1]). We are going to find h ∈ PηY (q, 3n + 1 −m, 1, ǫ)
such that ρm(g(x), h(x)) < δ(x) for all x ∈ X . By [1, Proposition 4], g
can be supposed to be simplicially factorizable. This means that there
exists a simplicial complex D and maps gD : X → D, g
D : D →M with
g = gD ◦ gD. Following the proof of [2, Proposition 3.4], we can find an
open cover U of X , simplicial complexes N,L and maps α : X → N ,
β : Y → L, p : N → L, ϕ : N → Rm and δ1 : N → (0, 1] satisfying the
following conditions, where h′ = ϕ ◦ α:
• α is an U-map and for any x1, x2 ∈ X with ρ(x1, x2) ≥ η we
have α(x1) 6= α(x2);
• β ◦ f = p ◦ α;
• p is a perfect PL-map with dim p ≤ n and dimL = 0;
• h′ is (δ/2)-close to g;
• δ1 ◦ α ≤ δ.
So, we have the following commutative diagram:
L
Y
◗
◗sβ
X
❄
f
✲h
′
◗
◗sα
N
❄
p
✚❃
ϕ
R
m
Since L is a 0-dimensional simplicial complex and p is a perfect
PL-map, N is a discrete union of the finite complexes Kz = p
−1(z),
z ∈ L. Because dim p ≤ n, dimKz ≤ n, z ∈ L. Applying Theorem
1.1(a) to each complex Kz, we can find a map ϕ1 : N → R
m such
that dimBq,1,m(ϕ1|p
−1(z)) ≤ 3n + 1 − m and ϕ1|p
−1(z) is θz-close to
ϕ|p−1(z), where θz = min{δ1(u) : u ∈ p
−1(z)}. Moreover, the map
h = ϕ1 ◦ α is δ-close to g. We claim that h ∈ P
η
Y (q, 3n + 1 −m, 1, ǫ).
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Indeed, let y ∈ Y and Π1 ∈ Bηq,1,m(h, y). Then there exist q points
xi ∈ h−1(Π1) ∩ f−1(y), i = 1, .., q, with ρ(xi, xj) ≥ η for all i 6= j.
According to the choice of the cover U , we have α(xi) 6= α(xj) for i 6= j.
Since ϕ−11 (Π
1) ∩ p−1(β(y)) contains the points α(xi), i ≤ q, we obtain
that Π1 ∈ Bq,1,m(ϕ1|p
−1(β(y))). Thus, we established the inclusion
Bηq,1,m(h, y) ⊂ Bq,1,m(ϕ1|p
−1(β(y))) which implies dimBηq,1,m(h, y) ≤
3n+1−m for every y ∈ Y . Consequently, h ∈ PηY (q, 3n+1−m, 1, ǫ). 
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